Abstract: In this paper we will study some aspects of dS/CFT correspondence. We will focus on the relation between Witten's non-standard de Sitter inner product and correlators in the holographic dual conformal field theory. We will argue that from the definition of Witten's inner product and conjecture that the Hilbert space of initial states of massive scalar field on I − in de Sitter space corresponds to the Hilbert space of states of Euclidean CFT on I − , we can obtain CFT correlators in any vacuum state.
Introduction
Remarkable series of recent observations suggest that we live in accelerating spacetime [1, 2, 3, 4, 5] . However understanding the quantum theory of gravity in de Sitter space remains one of the most important problems in theoretical physics.
2 A correspondence relating de Sitter (dS) gravity to the conformal field theory (CFT) theory dual was presented in [13] and further studied in [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] . For further details considering this proposal, see [37, 36, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47] .
The dS/CFT correspondence is mainly modeled with analogy AdS/CFT correspondence [49, 50, 51] : Like the AdS case, the symmetries of de Sitter space suggest that the dual theory is conformly invariant. Mainly, it was proposed the connection between gravity in de Sitter space and the correlation functions in the dual Euclidean CFT. It is also clear that the nature of de Sitter space is different from its AdS counterpart. For example, the conformal boundaries of dS are hyper-surfaces of Euclidean signature. Further, in de Sitter space, there are two such hyper-surfaces, the future boundary I + and the past boundary I − . There was great debate in the past few months if the proposed duality involves single CFT [13] living on either I + or I − , or if we should rather consider both of them as independent parts of one single theory and study nontrivial correlation between them, as was suggested in very interesting paper [42] . This question was addressed in [45] where very impressive arguments 2 Very exciting and radical proposals considering string theory in de Sitter space can be found in [6, 7, 8] . Alternative point of view on the quantum gravity in three dimensional de Sitter space can be found in [9] . For recent discussion of some issues of quantum theory in de Sitter space, see [10, 11, 12] .
were given that support the idea of single dual CFT. In this paper we will consider the CFT living on I − as the fundamental one, with agreement with [13] . We will also sometimes consider operators in the second CFT living on I + however as will be clear from the context the operators in CFT on I + are determined by operators of CFT on I − . On the other hand it is possible that the nontrivial relation between CFT living on I + , I − could capture dynamic of bulk quantum gravity. However, the most striking difference from the AdS/CFT duality is the fact that we have no rigorous realization of the dS/CFT correspondence. In [13, 37] dS/CFT duality was proposed on the direct analogy with AdS/CFT correspondence when the correlation functions in the dual CFT theory are determined through the bulk S-matrix elements of massive scalar field. However it is important to stress that there is no rigorous definition of such a duality as opposite with Ads/CFT correspondence.
In [48] different point of view on the problem of quantum gravity in dS space and its possible connection to the dual CFT was suggested. It was stressed by author that his approach seems to give increasingly less information as the cosmological constant is increased. More precisely, Witten argued that for negative cosmological constant the sort of reasoning, that he presented there, gives the boundary conformal field theory which, according to [48] might be regarded as supplying a dynamical principle. For zero cosmological constant we get S-matrix. For positive cosmological constant all what we get is definition of the Hilbert space H i of initial states at I − or equivalently the Hilbert space H f of final states at I + . In [48] also definition of the Hilbert spaces H i,f and inner product was suggested. The modified inner product involves path integral evolution from I − to I + together with CPT conjugation. The concrete realization of this proposal was given in [36] in the case of the free massive scalar field in dS 3 . It was argued that the inner product for the bulk scalar field constructed along the lines given in [48] leads to the adjoint in the dual CFT that gives standard inner product of the boundary field theory.
In this paper we would like to apply these ideas and argue that from the proposed modified inner product and the relation between CFT living on I − and the bulk scalar field we can extract all correlation functions in the dual CFT without any explicit form of the conjectured dS/CFT duality. We begin with the review of the construction of the inner product in the space of initial states of the free massive field in dS 3 as was given in [36] that leads to the definition of the Hilbert space H i of the initial states of the scalar field on I − . According to the dS/CFT duality states in H i should correspond to the states of Euclidean CFT living on I − . Since the construction of the inner product presented in [36] is given in terms of |in vacua with the natural particle interpretation, it is reasonable to presume an existence of dual CFT operator O in + that creates these quanta from the vacuum state |in . From the same reason we can deduce an existence of lowering operator O in − and also that these operators must obey canonical commutation relations. From these commutation relations and definition of the inner product we will able to reproduce all two point functions in |in vacuum state as were given in [36, 37] as well as the correlation functions for operators defined on I + and I − , even it is clear that in case of the free massive scalar field in the bulk the CFT operators on I + are uniquely functions of the CFT operators on I − . It is also well known that there is one parameter family of vacuum states 3 for free massive scalar field in dS. It is then natural to presume that these vacuum states should have their description in CFT as well. In fact, CFT correlators in general vacuum states |γ were previously calculated in [36, 37] . We extend our analysis to general vacuum states as well and we will show that we are able to reproduce results given in [36, 37] .
We hope that our calculation could be helpful for better understanding of the proposed dS/CFT correspondence. The main point of our calculations is the conjecture that the dual CFT gives an exact description of the Hilbert space on I − . This approach is mainly motivated by Witten's arguments that dual CFT theory can only give an information about the structure of the Hilbert space of quantum gravity of initial states on I − rather to supplies for dynamical principle as in the case of AdS/CFT correspondence. It is possible that this dynamical principle is somewhat hidden in the relation between CFT operators on I − and the operators living on I + and that this relation could support the dynamical evolution of the bulk quantum gravity. It seems to us that the possibility to extract CFT correlation functions directly from the definition of the inner product without any explicit realization of the dS/CFT correspondence could be helpful for further study of the bulk quantum theory. For example, there is Schrödinger picture description of the quantum field in dS space (See, for example [74] and reference there.) and at present it is not complete clear to us how this description could have its holographic description in dual CFT. We hope that our approach could be useful for addressing this issue.
The organization of this paper is follows. In section 2 we review the quantisation of the massive scalar field in dS space. In section 3 we review the construction of the inner product for the bulk scalar field as was given in [36] and we obtain all two point functions in the dual CFT in |in vacuum state. In section 4 we will discuss these correlators in general vacuum states |γ . In conclusion 5 we summarize our results and suggest further direction of research.
Massive scalar field in de Sitter space
In this section we review the quantisation of the massive scalar field in de Sitter 3 The quantum field theory of massive scalar field in de Sitter space time was extensively studied in the past, see for example [52, 53, 54, 55, 56] . For general introduction to the quantum field theory in curved space time, see [57, 58, 59] . There was great discussion about consistency of general vacuum states |γ and their possible meaning in cosmology, see for example [61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73] .
space following mainly very nice analysis given in [36] .
In convention [36] lower case x denote d-dimensional coordinate on dS d and upper case X to denote the corresponding d+1 dimensional coordinate in the embedding space.
There are many coordinate systems that are useful for description of dS d , for recent review, see [59, 60] . In this paper we will work in the global coordinates (τ, Ω) in which de Sitter metric is
where dΩ
that in the metric (2.2) has the form
This equation is separable with the solution
where Y Lj are spherical harmonic on S d−1 obeying
where L is non-negative integer and j is a collective index (j 1 , . . . , j d−2 ). Following [36] we choose such Y Lj 's that obey
where Ω A denotes the point on
and complete
which together with its complex conjugate are two independent solutions. The normalization is fixed that these modes are orthonormal with respect to the standard inner product
where the integral is performed over S d−1 at fixed τ . As is well known (See, for example [57] .) this inner product is independent on time slicing for modes obeying (2.3) so that we can evaluate it in the limit τ → −∞ when F → 1 , cosh τ → 
Then it is simple task to show validity (2.11). From (2.12) it is clear that φ in modes correspond to the positive frequency modes with respect to the global time τ near the asymptotic past and hence they represent incoming particle states. Then we define |in vacuum as a state which is annihilated by the lowering operator associated to φ in . Physically, |in is the state with no incoming particles on I − . We also see that (2.4) is invariant under time reversal τ → −τ . Hence we can obtain another pair of linearly independent solutions by defining
with the asymptotic behavior
which implies that modes
are positive frequency modes with respect to the global time τ near the asymptotic future and represent outgoing particle states. As in the case of φ in Lj we can define vacuum state |out which is the state annihilated by the lowering operators associated
. In this paper we will consider µ real positive only. For aspect of the quantisation of the scalar fields with other values of µ, see recent papers [38, 41] and reference therein.
to φ out . Generally |in state is not the same as |out state however as was recently reviewed in [36] , for odd dimensional de Sitter space we can identify them
It follows that there is no particle production in the sense that if no particles are coming in from I − no particles will go out on I + . This is in contrast to the evendimensional case for which there is always some particle production.
Note that (2.12) implies asymptotic behavior of φ
As was conjectured in [13] φ in − is dual to the operators of weight h + in the CFT living on I − . In the same way φ in + is dual to operator of conformal weight h − . As was shown in [36] it is useful for the definition of general vacuum states |γ to introduce rescaled global modes 18) where the phase e iθ L is defined
These rescaled modes will be used in the discussion of the general vacuum state in section 4. In the following we will also need to know how at the general point in the bulk the field is determined from its value on I − . It can be shown that these fields are related through 20) where |E is Euclidean vacuum and G E (x, x ′ ) is Wightman function characterized given vacuum state, for more details and very nice discussion, see again [36] . It is important to stress that G c does not depend on vacuum state that defines Wightmann function. For our purposes it is important to find limiting value of G C (x, x ′ ) for τ → ∞. It can be shown that [36] lim
where
are two point functions for a conformal field of dimension h ± on the sphere. Then we get 24) where, according to [13, 36] 
In the next section we use many of the facts reviewed above for the construction of the non-standard inner product [48] and its realization in the case of free massive scalar field in [36] .
CFT correlators from inner product
In [48] Witten suggested how to construct Hilbert spaces of initial and final states of quantum gravity in de Sitter space, together with the definition of inner product. This definition is based on the path integral evolution from I − to I + together with CPT conjugation. Since we believe that there is an exact description of the quantum gravity and quantum field theory in de Sitter space in terms of dual CFT living on I − we expect that the Hilbert space of the initial states of scalar field in the bulk is described using CFT operators acting on some vacuum state. We will show that from the definition of the inner product according to Witten and its very nice analysis in [36] we can obtain all correlation functions in the dual CFT.
To begin with, we briefly review discrete symmetries C, P and T in de Sitter space, following [36] . As in this paper we restrict ourselves to the three dimensional de Sitter space.
Let us consider the real scalar field so that the operation of charge conjugation C is trivial. We define action of the following discrete symmetry operations on this field
where we have two discrete symmetries of de Sitter space P and T that are defined as [36] 
that clearly leave (2.1) invariant. Bulk scalar field φ can be written as
As in [36] we have introduced lowering and raising operators a Lj , b Lj respectively and are not assuming that a † Lj = b Lj . Then the action of the discrete symmetries P, T was defined in such a way that their definition reproduces (3.1). More precisely we have Pa
we immediately see that this definition reproduces the first line in (3.1). In the same way
We note that time reversal transformation T is anti linear operator which combines unitary operator U with complex conjugation K of the functions. Then it can be shown [36] PT φ in
Now we will review the construction of the Witten's inner product [48] given in [36] . Let us consider one particle states on I
Using (2.26) we can express |Ψ out as
This defines the bilinear pairing
Now we apply the CPT conjugation to any state on I − to give a state on I
Then we can use the previous pairing to define the inner product on I 
which implies
From the upper expression we immediately get two point function (Note that the commutator is pure number and hence its vacuum expectation value is the same for all vacuum sates.)
In order to determine other two point functions we use the definition of the inner product given above. This is the main point of our analysis that should deserve deeper explanation. In the usual dS/CFT correspondence the CFT correlators are determined from the possible equivalence of CFT partition function and S-matrix in the bulk, which is the proposal given in [13, 37] . The motivation for this proposal comes from the AdS/CFT correspondence. However when we adopt Witten's arguments [48] considering the dependence of the holographic description of the quantum gravity on cosmological constant and his conclusion that CFT could give information about Hilbert space of initial states H i it seems to us very natural to search for dS/CFT correspondence in the structure of this Hilbert space and in particular in the definition of the inner product in H i . We will see that this analysis really allows us to get desired two point functions. In the CFT the inner product is defined as
so that comparing this expression with (3.11) gives
Even if we do not know the precise form of the dS/CFT correspondence we can at least try to suggest the interaction between CFT operators and the bulk field. We expect that the interaction between bulk fields and boundary CFT operators has following local form
where we now consider the second CFT living on I + even if it will be clear in the moment that there is unique relation between CFT operators O in , O out at least in the case of the free massive field in the bulk. Now when we apply (2.26) in (3.20) we obtain
so that when we compare this expression with the second line in (3.20) we obtain the relation between in and out CFT operators
with agreement with [37] . We see that it is natural to define the adjoint operation in the CFT as
using (3.22) . From the definition of adjoint and the inner product we can get all correlation functions in CFT. First of all, since O in − annihilates vacuum state we immediately obtain following correlators
with agreement with [36, 37] . We also have
where we used the definition of adjoint given above and the fact that if O in − annihilates ket |in then its adjoint annihilates bra in|.
In this section we calculated the two point functions in the CFT defined on I − . This calculation was based on the analysis of the modified inner product [36] . Since we began from the vacuum state |in with its natural particle interpretation we could introduce creation and annihilation operators in CFT that create or annihilate given quanta. Since it is well known that there is one parameter family of different vacuum states of the bulk massive field in dS we would like to see how CFT operators O in + , O in − act on general vacuum state |γ . This analysis will be done in the next section.
Correlation functions in γ vacua
In this section we will calculate CFT correlators in other vacuum states |γ . Firstly we review the basic facts about different vacuum states of the scalar field in de Sitter space, following mainly [36] . Let us consider the free massive field in de Sitter space with the mode expansion
where subscript n labels states of given mode φ n that obeys (2.3). In global coordinates, for example, n means L, j given in the previous section. We have also denoted, following [36] lowering and raising operators as a n and b n with commutation relation [a n , b m ] = δ nm . The Wightman function is defined as
characterized vacuum state |γ that is defined to be the state annihilated by operators associated to positive modes φ n a n |γ = 0 .
Since modes φ n satisfy the de Sitter space wave function (2.3), it is easy to see that Wightman function obeys 
where γ can be any complex number with Reγ < 0. These modes can be used to define new operatorsâ n ,b n and hence the vacuum state |γ that is annihilated by operatorsâ n that multiply the positive frequency solutionsφ n in the expansion of the scalar field field as
This relation can be written aŝ
To prove thatâ can be written as in (4.7) we use following commutation relations We can also express U using in and out fields as
To see this note that in the definition of the MA transformation we used rescaled fields [36] 13) This implies that the lowering and raising operators given in the MA transformation formula are related to the operators defined using φ in
Then in the variables corresponding to φ in,out ±
(Ω) modes we can express operator K as
According to dS/CFT correspondence we can presume an existence of one parameter family of vacuum states |γ in CFT as well and that these states are given as
(4.15) Using (3.23)we can easily show that
with respect to the adjoint given in the previous section. Then two point functions of CFT operators in general vacuum state |γ are
(4.17)
In order to obtain these two point functions we should calculate following expression
For this calculation we will need following commutators
so we easily get
Then it is easy to see that
and consequently
Performing the same analysis for O in − leads to
and hence
Finally we will calculate the mixed correlators
(4.27)
These two point functions agree with the correlators that were calculated in [36, 37] from slightly different approach. We have seen that these correlators can be easily calculated using the conjecture that the states in the dual CFT correspond to the states of massive scalar field in de Sitter space at I − .
Conclusion
In this paper we tried to present our point of view on the nature of dS/CFT correspondence. We studied the relation between free massive scalar field in the bulk of de Sitter space and the dual Euclidean CFT living in the past infinity I − . Using the definition of the inner product in the Hilbert space H i of initial states of massive scalar field in de Sitter space we were able to reconstruct all two point functions of dual CFT operators in arbitrary vacuum state. Let us express once again the main idea of our approach. Following arguments given in [48] we consider operators in dual CFT living on I − that define states in the Hilbert space H i of initial states of quantum gravity in de Sitter space. Using this conjecture we can from the known inner product and the structure of the Hilbert space of initial states on I − obtain all correlators in the dual CFT and define adjoint operation. We have seen that application of this idea gives correlators in the dual CFT that have the same form as the two point functions that were calculated in [36, 37] from the equivalence of partition function of CFT on I − and S-matrix elements in the bulk.
It is clear that the same analysis, as was presented in previous sections, could be performed for CFT defined on I + in the sense that this theory gives an exact description of the Hilbert space H f of the final states of massive scalar field at past infinity. Of course in the case of the example studied in this paper these two Hilbert spaces are identical and hence corresponding CFT are the same. For that reason we considered the CFT defined on I − as the fundamental one. However it is clear that one single CFT cannot contain information about dynamical evolution of the bulk quantum gravity which, in our personal point of view, should have its CFT description in terms of renormalization group flow [40] that maps CFT operators on I + corresponding to UV limit of the theory to the CFT operators on I − corresponding to IR limit.
The extension of this approach is natural. The first possibility is to apply this analysis to the case of arbitrary µ as in [38, 41] . It would be also nice to analyse massless bulk scalar field with its potential application to the cosmology [69, 70, 71, 72] . Very interesting analysis of this problem from the point of view of dS/CFT was given recently in [68] . We would like also study the relation between CFT and quantum field theory in Elliptic de Sitter space [39] and the relation between CFT and quantum field theory in the space-times that approach their de Sitter phase in the asymptotic past or future only.
Even if we know that this paper gives only modest contribution to the question of the quantum gravity in de Sitter space and its relation to the string theory we believe that this small contribution could be helpful for further study of dS/CFT correspondence.
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